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WHEN IS THE BEGINNING THE END? ON FULL
TRAJECTORIES, LIMIT SETS AND INTERNAL CHAIN
TRANSITIVITY
JOEL MITCHELL
Abstract. Let f : X → X be a continuous map on a compact metric space
X and let αf , ωf and ICTf denote the set of α-limit sets, ω-limit sets and
nonempty closed internally chain transitive sets respectively. In this paper
we characterise, by introducing novel variants of shadowing, maps for which
every element of ICTf is equal to (resp. may be approximated by) the α-limit
set and the ω-limit set of the same full trajectory. We construct examples
highlighting the difference between these properties.
1. Introduction
Let (X, d) be a compact metric space and f : X → X a continuous function.
We call the pair (X, f) a dynamical system. Given a point x ∈ X , its orbit is the
set {f i(x) | i ∈ N0}. The orbit sequence x, f(x), f2(x) . . . may be thought of as
where x travels under iteration of f . In a compact metric setting, this sequence
has accumulation points: the set of all such points is the ω-limit set of x (denoted
ωf(x)). This may be thought of as the target of x; it is where it ends up, so to speak.
Analogously, one may wonder where a point came from. In the case where f is a
homeomorphism, we may simply consider the orbit of x under f (−1) and ωf(−1)(x).
In this case, we call ωf(−1)(x) the α-limit set of x under f (denoted αf (x)): this
may be thought of as the source of x. In the case when f is not one-to-one, a
point may have multiple sources. This presents a difficulty when attempting to
give a suitable definition for αf (x). Various approaches to this have been taken
[2, 16, 17, 27, 45, 46]. For a discussion on this, we refer the reader to [23]. In
the present paper, we refrain from defining such sets for individual points, choosing
instead to define them for backward and full trajectories. This is the approach taken
in [2], [23] and [28]. An infinite sequence 〈xi〉i≤0 is called a backward trajectory of
x if f(xi) = xi+1 for all i ≤ −1 and x0 = x. The α-limit set of 〈xi〉i≤0 is the set
of accumulation points of this sequence. We denote the set of all such α-limit sets
by αf . A full trajectory is a two-sided sequence 〈xi〉i∈Z such that f(xi) = xi+1
for all i ∈ Z. We define the limit sets of such a sequence in the natural way:
αf (〈xi〉i∈Z) = αf (〈xi〉i≤0) and ωf (〈xi〉i∈Z) = ωf(x0). Although α-limit sets have
not been studied quite as extensively as their ω counterparts, interest in them has
been growing (see, for example, [2, 16, 17, 23, 27, 28]).
In this paper, we are concerned with the following two questions:
Question 1.1. When is it the case that every nonempty closed internally chain
transitive set is both the α-limit set and ω-limit set of the same full trajectory? I.e.
when is it true that for any A ∈ ICTf there exists a full trajectory 〈xi〉i∈Z such
that α(〈xi〉i∈Z) = ω(〈xi〉i∈Z) = A?
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Question 1.2. When is it the case that every nonempty closed internally chain
transitive set may be approximated, to any given accuracy, by both the α-limit set
and ω-limit set of the same full trajectory? I.e. when is it true that for anyA ∈ ICTf
and any ε > 0 there exists a full trajectory 〈xi〉i∈Z such that dH(α(〈xi〉i∈Z), A) < ε
and dH(ω(〈xi〉i∈Z), A) < ε?
In answering these questions, this paper aims to provide the final chapter in the
journey to characterise when limit sets approximate, or are precisely, the elements
of ICTf in terms of shadowing properties. This journey was embarked upon by
Good and Meddaugh [21] who were concerned with ω-limit sets, before this author
joined their path in [23] where we dealt mainly with α-limit sets. Whilst this
journey is, therefore, a recent one, its motivations are far older. Indeed, multiple
authors have either studied, or attempted to characterise, the set of all ω-limit sets
in a variety of settings. For example, ω-limit sets of continuous maps of the closed
unit interval I have been completely characterised in [1, 9]: the authors show that
a nonempty subset E of I is an ω-limit set of some continuous map f if and only if
E is either a closed, nowhere dense set, or a union of finitely many non-degenerate
closed intervals. Furthermore, it has been shown that ωf is closed (with respect
to the Hausdorff topology) for maps of the circle [42], the interval [5] and other
finite graphs [31]. Perhaps one of the most important results motivating our work
is one of Hirsch et al. [28]: every α- and ω- limit set is internally chain transitive
(precise definitions below). Together with the fact that these limit sets are closed,
this means αf , ωf ⊆ ICTf .
A second important result motivating this journey is one of Meddaugh and
Raines [32] who establish that, for maps with shadowing, or pseudo-orbit trac-
ing, ωf = ICTf . The shadowing property, defined below, has both numerical and
theoretical importance in topological dynamics. It has been studied in a variety of
settings, including, for example, in the context of Axiom A diffeomorphisms [6], in
numerical analysis [13, 14, 37], as an important factor in stability theory [40, 43, 47]
and as a property in and of itself [15, 22, 25, 30, 33, 34, 38, 40, 44]. Various variants
on the pseudo-orbit tracing property have also been studied including, for example,
ergodic, thick, and Ramsey shadowing [7, 8, 18, 19, 36], limit, or asymptotic, shad-
owing [3, 26, 41], s-limit shadowing [3, 26, 30], orbital shadowing [21, 33, 39, 41],
and inverse shadowing [14, 24, 29]. In the first stage of this journey, Good and
Meddaugh [21] introduced new variants of shadowing which precisely characterise
maps for which ωf = ICTf and ωf = ICTf . In [23], the author, in collaboration
with Good and Meddaugh, then characterised maps for which αf = ICTf and
αf = ICTf . Along the way, we demonstrated that shadowing is itself a sufficient
condition for the property under consideration in Question 1.2, whilst the addition
of expansivity is sufficient for the property under consideration in Question 1.1.
Due to their lengthy statements, we will refer to the properties in questions 1.1 and
1.2 as Pe and Pa respectively (‘e’ for ‘equal’, ‘a’ for ‘approximate’). Thus:
• Property Pe: ‘For any A ∈ ICTf there exists a full trajectory 〈xi〉i∈Z such
that α(〈xi〉i∈Z) = ω(〈xi〉i∈Z) = A.’
• Property Pa: ‘For any A ∈ ICTf and any ε > 0 there exists a full trajectory
〈xi〉i∈Z such that dH(α(〈xi〉i∈Z), A) < ε and dH(ω(〈xi〉i∈Z), A) < ε.’
The layout of this paper is as follows. In Section 2, we provide the definitions and
motivating results which underpin this paper. In Section 3, we answer questions 1.1
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and 1.2. Throughout, we present examples which serve both to motivate our results
and also to demonstrate the distinction between some of the properties introduced
in [21], [23] and in this paper. In particular, we construct an example of a system
(Example 3.1) which demonstrates that one can have αf = ωf = ICTf whilst
exhibiting neither property Pe nor property Pa. Along the way, in subsection 3.2,
we offer a couple of implications concerning γ-limit sets (defined in said section).
We close, in Section 4, with two final examples, one of which (Example 4.1) is a
system satisfying Pa but not Pe.
2. Preliminaries
A dynamical system is a pair (X, f) consisting of a compact metric space X and
a continuous function f : X → X . We say the positive orbit of x under f is the set
of points {x, f(x), f2(x), . . .}. A backward trajectory of the point x is a sequence
〈xi〉i≤0 for which f(xi) = xi+1 for all i ≤ −1 and x0 = x. We say a bi-infinite
sequence 〈xi〉i∈Z is a full trajectory (of each xi) if f(xi) = xi+1 for each i ∈ Z.
Because a point may have multiple preimages, this means that a full trajectory of
a point need not be unique.
For a sequence 〈xi〉i>N in X , where N ≥ −∞, we define its ω-limit set, denoted
ω(〈xi〉i>N ), or simply ω(〈xi〉):
ω(〈xi〉) :=
⋂
M∈N
{xn | n > M}.
For x ∈ X , we define the ω-limit set of x: ω(x) := ω(〈fn(x)〉∞n=0). In similar
fashion, for a sequence 〈xi〉i<N in X , where N ≤ ∞, we define its α-limit set,
denoted α(〈xi〉i<N ), or simply α(〈xi〉):
α(〈xi〉) :=
⋂
M∈N
{xn | n < −M}.
In the case when f is a homeomorphism, we also define the α-limit set of a point:
α(x) := α(〈f i(x)〉i≤0). We denote by ωf and αf the set of all ω-limit sets of points
in (X, f) and the set of all α-limit sets of full trajectories in (X, f) respectively.
The compactness of X guarantees that elements of αf and ωf are nonempty and
closed.
A finite or infinite sequence 〈xi〉Ni=0 is said to be an δ-chain if d(f(xi), xi+1) < δ
for all indices i < N . If N =∞ then we say the sequence is a δ-pseudo-orbit. A set
A is internally chain transitive if for any pair of points a, b ∈ A and any δ > 0 there
exists a finite δ-chain 〈xi〉Ni=0 in A with x0 = a, xN = b and N ≥ 1. We denote by
ICTf the set of all nonempty closed internally chain transitive sets.
We denote by 2X the hyperspace of nonempty compact subsets of X . This forms
a compact metric space with the Hausdorff metric induced by the metric d. For
A,B ∈ 2X the Hausdorff distance between A and B is given by
dH(A,A
′) = inf{ε > 0 | A ⊆ Bε(A
′) and A′ ⊆ Bε(A)}.
As collections of nonempty compact sets, αf , ωf and ICTf are all subsets of 2
X .
Meddaugh and Raines [32] establish the following result.
Lemma 2.1. [32] Let (X, f) be a dynamical system. Then ICTf is closed in 2
X.
Hirsch et al. [28] show that the α-limit set (resp. ω-limit set) of any pre-compact
backward (resp. forward) trajectory is internally chain transitive. Since our setting
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is a compact metric space all α-limit sets and ω-limit sets are internally chain
transitive. We formulate this as Lemma 2.2 below.
Lemma 2.2. [28] Let (X, f) be a dynamical system. Then αf , ωf ⊆ ICTf .
A point x is said to ε-shadow a sequence 〈xi〉∞i=0 if d(f
i(x), xi) < ε for all i ∈ N0.
We say the system (X, f) has the shadowing property, or simply shadowing, if for
every ε > 0 there exists δ > 0 such that every δ-pseudo-orbit is ε-shadowed.
Definition 2.3. Suppose that (X, f) is a dynamical system. A sequence 〈xi〉∞i=0 in
X is called an asymptotic pseudo-orbit if d(f(xi), xi+1) → 0 as i → ∞. In similar
fashion, a sequence 〈xi〉i≤0 is
(1) a backward δ-pseudo-orbit if d(f(xi), xi+1) < δ for each i ≤ −1;
(2) a backward asymptotic pseudo-orbit if d(f(xi), xi+1)→ 0 as i→ −∞.
A sequence 〈xi〉i∈Z in X is
(1) a two-sided δ-pseudo-orbit if d(f(xi), xi+1) < δ for each i ∈ Z;
(2) a two-sided asymptotic pseudo-orbit if d(f(xi), xi+1)→ 0 as i→ ±∞.
With the above terminology, the system (X, f) has backward shadowing if for
any ε > 0 there exists δ > 0 such that for any backward δ-pseudo-orbit 〈xi〉i≤0
there exists a backward trajectory 〈zi〉i≤0 such that d(xi, zi) < ε for all i ≤ 0.
Similarly it has two-sided shadowing if for any ε > 0 there exists δ > 0 such that for
any two-sided δ-pseudo-orbit 〈xi〉i∈Z there exists a full trajectory 〈zi〉i∈Z such that
d(xi, zi) < ε for all i ∈ Z. In [20], we show that shadowing implies backward and
two-sided shadowing, whilst all three properties are equivalent for surjective maps.
Using this, in [23], we showed that shadowing is sufficient for Pa. Furthermore, we
showed that the addition of expansivity is sufficient for Pe; a map is expansive if
there exists c > 0 such that for any distinct x, y ∈ X there exists k ∈ N0 such that
d(fk(x), fk(y)) ≥ c. These results are formulated below.
Theorem 2.4. [23, Theorem 4.2] If (X, f) has shadowing then it satisfies property
Pa.
Theorem 2.5. [23, Theorem 4.10] If (X, f) is an expansive system with shadowing
then it satisfies property Pe.
Embedded within the proof of [23, Theorem 4.2] is the following result. It will
be important for our characterisations of Pa and Pe.
Lemma 2.6. [23] Let (X, f) be a dynamical system. For any A ∈ ICTf and any
ε > 0 there exists a two-sided asymptotic ε-pseudo-orbit 〈ai〉i∈Z in A such that
α(〈ai〉) = ω(〈ai〉) = A.
The system (X, f) has limit shadowing, also called asymptotic shadowing, if every
asymptotic pseudo-orbit 〈xi〉∞i=0 is asymptotically shadowed (i.e. there exists z ∈ X
for which d(f i(z), xi) → 0 as i → ∞). It has backward limit shadowing if every
backward asymptotic pseudo-orbit 〈xi〉i≤0 is backward asymptotically shadowed
(i.e. there exists a backward trajectory 〈zi〉i≤0 for which d(zi, xi)→ 0 as i→ −∞).
Finally the system has two-sided limit shadowing if every two-sided asymptotic
pseudo-orbit 〈xi〉i∈Z is two-sided asymptotically shadowed (i.e. there exists a full
trajectory 〈zi〉i∈Z for which d(zi, xi) → 0 as i → ±∞). The following proposition
combines results from [4] and [23].
Proposition 2.7. [4, 23] If (X, f) has limit (resp. backward limit) shadowing then
ωf = ICTf (resp. αf = ICTf ).
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3. Characterising properties Pe and Pa
3.1. Property Pe. Recall property Pe:
‘For any A ∈ ICTf there exists a full trajectory 〈xi〉i∈Z such that α(〈xi〉) =
ω(〈xi〉) = A.’
It is obvious, given Lemma 2.2, that a necessary condition for Pe is αf = ωf =
ICTf . A natural starting point, therefore, is to ask if this is also sufficient. It turns
out that this is not the case: in Example 3.1 we construct a homeomorphism for
which αf = ωf = ICTf but for which Pe is not satisfied.
Example 3.1. We will build up the points in X and define the map f : X → X
on them as we go. Let X consist of the following points in the Cartesian plane.
Let (0, 0) be a fixed point, so that f(0, 0) = (0, 0). Let (1, 1), (−1, 1), (−1,−1) and
(1,−1) also be fixed points and consider the following subsets of the 2× 2 square S
with these four points as vertices:
A =
{(
±
2n − 1
2n
, 1
)
| n ∈ N0
}
,
B =
{(
−1,±
2n − 1
2n
)
| n ∈ N0
}
,
C =
{(
±
2n − 1
2n
,−1
)
| n ∈ N0
}
,
D =
{(
1,±
2n − 1
2n
)
| n ∈ N0
}
.
We now define the map f on these four sets so that points move anticlockwise
between the two vertices which are the limit points of said set.
For example, for A the vertices which form the limit points of A are (1, 1) and
(−1, 1). For any z ∈ A, with z = (2
n−1
2n , 1) for some n ≥ 1, let f(z) = (
2n−1−1
2n−1 , 1).
Let f(0, 1) = (− 12 , 1). Finally, for any z ∈ A, with z = (−
2n−1
2n , 1) for some n ≥ 1,
let f(z) = (− 2
n+1−1
2n+1 , 1). Define f on B,C and D similarly, with this anticlockwise
movement. We let Q = {(1, 1), (−1, 1), (−1,−1), (1,−1)}∪A ∪B ∪ C ∪D.
Next, we insert the points given by (0, 12n ) for each n ≥ 2. For each of these, we
let f(0, 12n ) = (0,
1
2n−1 ).
We now, for each n ∈ N insert a finite subset of a square as follows: Insert the
points (2
n−1
2n ,
2n−1
2n ), (−
2n−1
2n ,
2n−1
2n ), (−
2n−1
2n ,−
2n−1
2n ) and (
2n−1
2n ,−
2n−1
2n ) (these are
the vertices). For each n ∈ N we insert the following finite subsets of these squares:
An =
{(
±
2m − 1
2m
,
2n − 1
2n
)
| m ∈ N0 and |
2m − 1
2m
| <
2n − 1
2n
}
,
Bn =
{(
−
2n − 1
2n
,±
2m − 1
2m
)
| m ∈ N0 and |
2m − 1
2m
| <
2n − 1
2n
}
,
Cn =
{(
±
2m − 1
2m
,−
2n − 1
2n
)
| m ∈ N0 and |
2m − 1
2m
| <
2n − 1
2n
}
,
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Dn =
{(
2n − 1
2n
,±
2m − 1
2m
)
| m ∈ N0 and |
2m − 1
2m
| <
2n − 1
2n
}
.
Let Qn = {(
2n−1
2n ,
2n−1
2n ), (−
2n−1
2n ,
2n−1
2n ), (−
2n−1
2n ,−
2n−1
2n ), (
2n−1
2n ,−
2n−1
2n )}∪An∪
Bn ∪ Cn ∪Dn.
For each n ∈ N, let f(2
n−1
2n ,
2n−1
2n ) = (
2n−1
2n ,
2n+1−1
2n+1 ). All points in Qn\{(
2n−1
2n ,
2n−1
2n )},
as before, move anticlockwise around the finite set Qn under f . So that, in Q1 for
example, f(0, 12 ) = (−
1
2 ,
1
2 ), f(−
1
2 ,
1
2 ) = (−
1
2 , 0), f(−
1
2 , 0) = (−
1
2 ,−
1
2 ), . . . f(
1
2 , 0) =
(12 ,
1
2 ).
It follows that the ω-limit set of every point, apart from (0, 0), which lies inside
the region bounded by Q in the plane is Q, whilst their α-limit set is {(0, 0)}.
Now input the points (0, y) ∈ R2 such that y = 32 +
2n−1
2n+1 for some n ∈ N0. Let
f(0, 32 +
2n−1
2n+1 ) = (0,
3
2 +
2n+1−1
2n+2 ). Let the limit this sequence, (0, 2), be a fixed point
under f .
Now, for each n ∈ N insert a finite subset of a square as follows: Insert the
points (1 + 12n , 1 +
1
2n ), (1−
1
2n , 1 +
1
2n ), (−1−
1
2n ,−1−
1
2n ) and (1 +
1
2n ,−1−
1
2n )
(these are the vertices). For each n ∈ N we insert the following finite subsets of
these squares:
En =
{(
±
2m − 1
2m
, 1 +
1
2n
)
| m ∈ N0 and |
2m − 1
2m
| <
2n − 1
2n
}
,
Fn =
{(
−1−
1
2n
,±
2m − 1
2m
)
| m ∈ N0 and |
2m − 1
2m
| <
2n − 1
2n
}
,
Gn =
{(
±
2m − 1
2m
,−1−
1
2n
)
| m ∈ N0 and |
2m − 1
2m
| <
2n − 1
2n
}
,
Hn =
{(
1 +
1
2n
,±
2m − 1
2m
)
| m ∈ N0 and |
2m − 1
2m
| <
2n − 1
2n
}
.
Let Rn = {(1 +
1
2n , 1+
1
2n ), (−1−
1
2n , 1 +
1
2n ), (−1−
1
2n ,−1−
1
2n ), (1 +
1
2n ,−1−
1
2n )} ∪En ∪ Fn ∪Gn ∪Hn.
For each n ≥ 2, let f(− 2
n−1−1
2n−1 , 1 +
1
2n ) = (−
2n−1−1
2n−1 , 1 +
1
2n−1 ).
For each n ∈ N, let all points in Rn \ {(−
2n−1−1
2n−1 , 1+
1
2n )}, as before, move anti-
clockwise around the finite set Rn under f . So that, in R1 for example, f(−
1
2 ,
3
2 ) =
(− 32 ,
3
2 ), f(−
3
2 ,
3
2 ) = (−
3
2 ,
1
2 ), f(−
3
2 ,
1
2 ) = (−
3
2 , 0), . . . f(
3
2 ,
3
2 ) = (
1
2 ,
3
2 ), f(
1
2 ,
3
2 ) =
(0, 32 ).
Then αf = ωf = ICTf but property Pe is not satisfied.
It is easily observed by looking at Figure 3.1 that in Example 3.1, αf , ωf and
ICTf are all equal to
{Q, {(0, 0)}, {(1, 1)}, {(−1, 1)}, {(−1,−1)}, {(1,−1)}, {(0, 2)}}.
However it is also clear that no full trajectory has Q as both its α-limit set and
ω-limit set.
ON FULL TRAJECTORIES, LIMIT SETS AND INTERNAL CHAIN TRANSITIVITY 7
Figure 1. The construction from Example 3.1
In order to characterise Pe, it is will be helpful to consider the characterisations
of when ωf = ICTf and αf = ICTf . A system (X, f) has the orbital limit shad-
owing property, as introduced by Pilyugin [41], if for any asymptotic pseudo-orbit
〈xi〉i≥0 there exists a point z ∈ X such that ω(z) = ω(〈xi〉). In [21] the authors in-
troduce two novel variants of shadowing, namely asymptotic orbital shadowing and
asymptotic strong orbital shadowing. Whilst we omit the definitions here, Good
and Meddaugh [21, Theorem 22] show that these are equivalent to orbital limit
shadowing. They go on to show that (see [21, Theorem 22]) ωf = ICTf if and
only if (X, f) has orbital limit shadowing. Backward analogues of orbital limit
shadowing, asymptotic orbital shadowing and asymptotic strong orbital shadow-
ing, which were also shown to be equivalent to each other, were introduced in [23]
and demonstrated to characterise when αf = ICTf (see [23, Theorem 5.12]). The
system (X, f) exhibits backward orbital limit shadowing (the backward analogue
of orbital limit shadowing) if for each backward asymptotic pseudo-orbit 〈xi〉i≤0
there exists a backward trajectory 〈zi〉i≤0 such that α(〈zi〉) = α(〈xi〉). It follows
that the system constructed in Example 3.1 has both orbital limit shadowing and
backward orbital limit shadowing. (As an aside, we remark that there is no general
entailment between orbital limit shadowing and backward orbital limit shadowing:
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In [23] we construct an example for which αf = ICTf but ωf 6= ICTf and another
where ωf = ICTf but αf 6= ICTf .)
These results suggest the following shadowing property.
Definition 3.2. A system (X, f) has two-sided orbital limit shadowing if for any
two-sided asymptotic pseudo-orbit 〈xi〉i∈Z there exists a full trajectory 〈zi〉i∈Z such
that α(〈zi〉) = α(〈xi〉) and ω(〈zi〉) = ω(〈xi〉).
This property is strictly weaker than the two-sided limit shadowing property
studied by various authors (e.g. [10, 11, 12, 20, 35]). An irrational rotation of the
circle will have two-sided orbital limit shadowing but not two-sided limit shadowing.
We will see in Corollary 3.8 that this property is sufficient for Pe. However, it is
too strong for our purposes. Indeed, f : [0, 1] → [0, 1] : x 7→ x2 satisfies property
Pe but it does not have two-sided orbital limit shadowing. To see this consider the
two-sided asymptotic pseudo-orbit 〈xi〉i∈Z, given by xi = 0 for i ≤ 0 and xi = 1 for
i > 0. Then ω(〈xi〉) = {1} and α(〈xi〉) = {0}. However, the only full trajectory
whose ω-limit set is {1} is given by zi = 1 for all i ∈ Z, but α(1) = {1} 6= α(〈xi〉).
The strength of this shadowing property seems partly to lie in the lack of restriction
in where the pseudo-orbit may ‘jump’. To overcome this we suggest the following
weakening.
Definition 3.3. A system (X, f) has δ-restricted two-sided orbital limit shadowing
if there exists δ > 0 such that for any two-sided asymptotic δ-pseudo-orbit 〈xi〉i∈Z
there exists a full trajectory 〈zi〉i∈Z such that α(〈zi〉) = α(〈xi〉) and ω(〈zi〉) =
ω(〈xi〉).
We will see (Corollary 3.8), that δ-restricted two-sided orbital limit shadowing
is indeed sufficient for Pe, however, as Example 3.4 shows, it is not necessary.
Example 3.4. For each n ∈ N, let Xn be the circle R/Z×{
1
n
} and let fn : Xn → Xn
be given by x 7→ x+α, where α is some fixed irrational number. Let X0 = R/Z×{0}
and f0 : X0 → X0 also be given by x 7→ x + α. Take X =
⋃∞
n=0Xn and let
f : X → X be defined by saying that, for any n ∈ N0 and any x ∈ Xn, f(x) = fn(x).
Then (X, f) has property Pe but not δ-restricted two-sided orbital limit shadowing.
Figure 2. Example 3.4
To see that (X, f) in Example 3.4 has property Pe it suffices to note that it
is simply composed of disjoint minimal systems. Since only one system, (X0, f0),
is a limit of other systems we get that ICTf = {Xn | n ∈ N0}. But, for any
n ∈ N0, the orbit of each point in Xn is dense in Xn. Property Pe now follows.
Now suppose that the system has δ-restricted two-sided orbital limit shadowing.
Let δ > 0 bear witness to this and let 1
n
< δ. Let x = (0, 0) and y = (0, 1
n
). Then
〈xi〉i∈Z where xi = f i(x) for i ≥ 0 and xi = f i(y) for i < 0 is a two-sided asymptotic
δ-pseudo-orbit which is not two-sided asymptotically shadowed, a contradiction.
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Motivated by the backward and forward orbital limit shadowing properties, we
define the following novel variant shadowing which does in fact characterise Pe
(Theorem 3.7).
Definition 3.5. A system (X, f) has γ-restricted two-sided orbital limit shadowing
if for any two-sided asymptotic pseudo-orbit 〈xi〉i∈Z such that α(〈xi〉) = ω(〈xi〉)
there exists a full trajectory 〈zi〉i∈Z such that
(1) α(〈zi〉) = α(〈xi〉); and,
(2) ω(〈zi〉) = ω(〈xi〉).
Before we prove Theorem 3.7 we require the following lemma.
Lemma 3.6. [28] Let (X, f) be a dynamical system where X is a (not necessarily
compact) metric space. The α-limit set (resp. ω-limit set) of any backward (resp.
forward) pre-compact asymptotic pseudo-orbit is internally chain transitive. In par-
ticular, when X is compact, all such limit sets are in ICTf .
Theorem 3.7. A dynamical system (X, f) exhibits property Pe if and only if it has
γ-restricted two-sided orbital limit shadowing.
Proof. First suppose that (X, f) has property Pe. Let 〈xi〉i∈Z be a two-sided as-
ymptotic pseudo-orbit such that α(〈xi〉) = ω(〈xi〉). Let A = α(〈xi〉) = ω(〈xi〉). By
Lemma 3.6, A ∈ ICTf . Therefore, since (X, f) exhibits property Pe, there exists
a full trajectory 〈zi〉i∈Z such that α(〈zi〉) = ω(〈zi〉) = A. I.e. α(〈zi〉) = α(〈xi〉)
and ω(〈zi〉) = ω(〈xi〉). Therefore (X, f) has γ-restricted two-sided orbital limit
shadowing.
Now suppose that (X, f) has γ-restricted two-sided orbital limit shadowing. Let
A ∈ ICTf be given. By Lemma 2.6, there exists a two-sided asymptotic pseudo-
orbit 〈ai〉i∈Z in A such that α(〈ai〉) = A = ω(〈ai〉). Let 〈zi〉i∈Z be a full trajec-
tory which γ-restricted two-sided orbital limit shadows 〈ai〉i∈Z. Then α(〈zi〉) =
α(〈ai〉) = A and ω(〈zi〉) = ω(〈ai〉) = A. In particular, α(〈zi〉) = ω(〈zi〉) = A.
Therefore (X, f) has property Pe. 
Corollary 3.8. If a system exhibits any of the following shadowing properties then
it has property Pe:
(1) two-sided limit shadowing;
(2) two-sided orbital limit shadowing;
(3) δ-restricted two-sided orbital limit shadowing.
Proof. It suffices to note that each property implies γ-restricted two-sided orbital
limit shadowing. 
Corollary 3.9. If (X, f) is an expansive system with shadowing then it has γ-
restricted two-sided orbital limit shadowing.
Proof. Shadowing and expansivity together give that Pe is satisfied (Theorem 2.5).
The result now follows from Theorem 3.7. 
3.2. γ-limit sets and ICTf . Before turning our attention to Pa, and in keeping
with the precedent set in [23], we will briefly highlight a corollary concerning γ-
limit sets. These were introduced by Hero [27] who studied them for interval maps,
γ-limit sets have since been further examined by Sun et al. in [46] and [45] for
graph maps and dendrites respectively. The γ-limit set of a point x, denoted γ(x),
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is defined by saying that, for any y ∈ X , y ∈ γ(x) if and only if y ∈ ω(x) and there
exists a sequence 〈yi〉∞i=1 in X and a strictly increasing sequence 〈ni〉
∞
i=1 in N such
that fni(yi) = x for each i and limi→∞ yi = y. We denote by γf the set of all
γ-limit sets of (X, f).
We gave the following remark in [23].
Remark 3.10. For a dynamical system (X, f) with f a homeomorphism, for any
x ∈ X , γ(x) = α(x)∩ω(x). (Recall that as f is a homeomorphism we have defined
α(x) = α(〈xi〉i≤0), where 〈xi〉i≤0 is the unique backward trajectory of x.)
Note that in contrast to ω-limit sets in a compact setting, it is possible that a
γ-limit set may be empty. Consider, for example, f : [0, 1]→ [0, 1] : x 7→ x2. Then,
using the content of Remark 3.10, we see that γ(12 ) = ∅.
Corollary 3.11. If (X, f) is a system with γ-restricted two-sided orbital limit shad-
owing then ICTf ⊆ γf .
Proof. Let A ∈ ICTf . By Theorem 3.7, (X, f) exhibits Pe: let 〈xi〉i∈Z be a full
trajectory such that α(〈xi〉) = ω(〈xi〉) = A. Let x = x0. Then ω(x) = A. Since
γ(x) ⊆ ω(x) by definition it follows that γ(x) ⊆ A. Furthermore, since 〈xi〉i≤0 is a
backward trajectory from x and α(〈xi〉) = A ⊆ ω(x), it follows that γ(x) ⊇ A. Thus
γ(x) = A. Since A ∈ ICTf was picked arbitrarily it follows that ICTf ⊆ γf . 
3.3. Property Pa. We now turn our attention to Question 1.2 and property Pa,
i.e. ‘for any A ∈ ICTf and any ε > 0 there exists a full trajectory 〈xi〉i∈Z such that
dH(α(〈xi〉, A) < ε and dH(ω(〈xi〉), A) < ε’.
Whilst for Pa to hold it must be the case that αf = ωf = ICTf , this alone is
not sufficient. Example 3.1 serves to demonstrate this.
In [21] it is shown that the property of ωf = ICTf is characterised by a variation
on shadowing the authors term cofinal orbital shadowing. A system f : X → X has
the cofinal orbital shadowing property if for all ε > 0 there exists δ > 0 such that
for any δ-pseudo-orbit 〈xi〉∞i=0 there exists a point z ∈ X such that for any K ∈ N
there exists N ≥ K such that
dH({fN+i(z)}∞i=0, {xN+i}
∞
i=0) < ε.
In [23] we show that the natural backward analogue of this property, which we
name backward cofinal orbital shadowing, characterises when αf = ICTf . These
notions motivate the following.
Definition 3.12. A system (X, f) has two-sided cofinal orbital shadowing if for
all ε > 0 there exists δ > 0 such that for any two-sided δ-pseudo-orbit 〈xi〉i∈Z there
exists a full trajectory z ∈ X such that for any K ∈ N there exists N ≥ K such
that
(1) dH({zN+i}i≥0, {xN+i}i≥0) < ε;
(2) dH({zi−N}i≤0, {xi−N}i≤0) < ε.
We will see that this is indeed sufficient for Pa, however it is not necessary.
Example 3.13. Let X = R/Z × R/Z and let f be given by (x, y) 7→ (x + α, y),
where α is some fixed irrational number. Then (X, f) satisfies Pa but does not have
two-sided cofinal orbital shadowing.
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Whilst we omit the construction of such a pseudo-orbit, it can be seen that in
Example 3.13, given any δ > 0, one can make a two-sided δ-pseudo-orbit whose
α-limit set is R/Z × {0} and whose ω-limit set is R/Z × { 12}. There is no full
trajectory which satisfies the conditions in two-sided cofinal orbital shadowing for
such a pseudo-orbit with ε < 14 .
As in our search to characterise Pe, a restriction is necessary.
Definition 3.14. A system (X, f) has γ-restricted two-sided cofinal orbital shad-
owing if for all ε > 0 there exists δ > 0 such that for any two-sided δ-pseudo-orbit
〈xi〉i∈Z such that dH(α(〈xi〉), ω(〈xi〉)) < ε there exists a full trajectory z ∈ X such
that for any K ∈ N there exists N ≥ K such that
(1) dH({zN+i}i≥0, {xN+i}i≥0) < ε;
(2) dH({zi−N}i≤0, {xi−N}i≤0) < ε.
Remark 3.15. It is equivalent to replace conditions (1) and (2) in the definition of
γ-restricted two-sided cofinal orbital shadowing with the following:
(1) dH(ω(〈zi〉), ω(〈xi〉)) < ε;
(2) dH(α(〈zi〉), α(〈xi〉)) < ε.
Theorem 3.16. A dynamical system (X, f) exhibits property Pa if and only if it
has γ-restricted two-sided cofinal orbital shadowing.
Proof. First suppose that (X, f) has property Pa. (We will use the content of
Remark 3.15 to show (X, f) has γ-restricted two-sided cofinal orbital shadowing.)
Let ε > 0 be given. Now take η = ε3 and let δ = η. Let 〈xi〉i∈Z be a two-sided δ-
pseudo-orbit such that dH(α(〈xi〉), ω(〈xi〉)) < η. Let A = α(〈xi〉) and B = ω(〈xi〉).
By Lemma 3.6, A,B ∈ ICTf . Therefore, since (X, f) exhibits property Pa, there
exists a full trajectory 〈zi〉i∈Z such that dH(α(〈zi〉), A) < η and dH(ω(〈zi〉), A) < η.
It follows by the triangle inequality that dH(ω(〈zi〉), B) < 2η < ε. Therefore (X, f)
has γ-restricted two-sided cofinal orbital shadowing.
Now suppose that (X, f) has γ-restricted two-sided cofinal orbital shadowing.
Let A ∈ ICTf be given and let ε > 0 be given. Take δ > 0 corresponding to ε for
the formulation of γ-restricted two-sided orbital limit shadowing given by Remark
3.15 (without loss of generality δ < ε). By Lemma 2.6, there exists a two-sided
asymptotic δ-pseudo-orbit 〈ai〉i∈Z in A such that α(〈ai〉) = A = ω(〈ai〉). Let 〈zi〉i∈Z
be a full trajectory for which
(1) dH(ω(〈zi〉), ω(〈ai〉)) < ε;
(2) dH(α(〈zi〉), α(〈ai〉)) < ε.
In particular, dH(α(〈zi〉), A) < ε and dH(ω(〈zi〉), A) < ε. Therefore (X, f) satisfies
property Pa. 
Corollary 3.17. If (X, f) has shadowing then it has γ-restricted two-sided cofinal
orbital shadowing.
Proof. By Theorem 2.4 a system with shadowing satisfies property Pa. The result
follows from Theorem 3.16. 
Corollary 3.18. If a system (X, f) has two-sided cofinal orbital shadowing then it
has property Pa.
Corollary 3.19. If (X, f) has γ-restricted two-sided orbital limit shadowing then
it has γ-restricted two-sided cofinal orbital shadowing.
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Proof. Since Pe =⇒ Pa, the result follows from theorems 3.7 and 3.16. 
4. Closing examples
We wrap up this paper by constructing two further examples. We start, in
Example 4.1, by constructing a homeomorphism which exhibits Pa but not Pe,
thereby demonstrating that γ-restricted two-sided cofinal orbital shadowing does
not imply γ-restricted two-sided orbital limit shadowing. We then close the paper
by giving one final example (Example 4.2) which draws some of the themes in [21],
[23] and the present paper, together.
Example 4.1. Start with Q as in Example 3.1 and let f act on these points in the
same manner. Now, for each n ∈ N, insert the set Rn. However, in contract to
Example 3.1, let f act on Rn in a simple anticlockwise manner; so that each Rn
consists of a periodic orbit going anticlockwise. Then (X, f) is a homeomorphism
which satisfies property Pa but not property Pe.
Figure 3. The system in Example 4.1
It is not difficult to see that αf and ωf are both equal to {Rn | n ∈ N} ∪
{{(1, 1)}, {(−1, 1)}, {(−1,−1)}, {(1,−1)}}. Meanwhile ICTf additionally includes
Q. Because, for instance, ICTf 6= αf , it follows that Pe is not satisfied by (X, f).
However, for any ε > 0 there is a full trajectory whose α-limit set and ω-limit set
both lie within ε of Q (resp. 2Q). To see this observe that the subsystem (Q, f ↾Q))
is the limit of the subsystems (Rn, f ↾Rn). Let ε > 0 be given and let n ∈ N be
such that dH(Rn, Q) < ε. Pick z ∈ Rn and let 〈zi〉i∈Z be the unique full trajectory
with z0 = z; this is a periodic orbit with α(〈zi〉) = ω(〈zi〉) = Rn. Therefore
dH(α(〈zi〉), Q) < ε and dH(ω(〈zi〉), Q) < ε. Hence Pa holds and, in particular,
αf = ωf = ICTf .
As stated at the beginning of this section, our final example (Example 4.2) serves
to draw some of the themes in [21], [23] and in the present paper, together. Example
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4.2 is an informal construction of a homeomorphism which exhibits neither Pe nor
Pa and for which
(1) αf = ωf 6= ICTf ; and,
(2) αf = ωf = ICTf .
Furthermore, the only non-singleton elements of ICTf which may be approximated
by the α-limit set and ω-limit set of the same full trajectory are precisely the ones
which belong to neither αf nor ωf . (Hence the system does not have shadowing.)
Before we give this last example, we recall that the system in Example 3.1 has
the forward and backward versions of both cofinal orbital shadowing and orbital
limit shadowing. This is because αf = ωf = ICTf . The system in Example 4.2,
on the other hand, will have the forward and backward versions of cofinal orbital
shadowing (since αf = ωf = ICTf ), but neither the forward nor backward version
of orbital limit shadowing (since αf = ωf 6= ICTf ).
Example 4.2. Start with Q as in Example 3.1 and let f act on these points in the
same manner. For n ∈ R+, define the set nQ := {(nx, ny) | (x, y) ∈ Q}. For each
n ∈ N insert the sets 2
n+1−1
2n Q and
2n+1
2n Q. Also insert the set 2Q. Let f act on
these akin to the way it acts on Q.
Now, for each n ∈ N, insert a two-sided sequence of points which lies between
2n+1−1
2n Q and
2(n+1)+1−1
2n+1 Q in the plane such that
(1) each point maps onto the next in the sequence;
(2) the ω-limit set of every point in the sequence is 2
(n+1)+1−1
2n+1 Q; and,
(3) the α-limit set of every point in the sequence is 2
n+1−1
2n Q.
(Combining, and making suitable adjustments to, some of the techniques used in
Example 3.1 would be one appropriate way to accomplish this.)
Finally, for each n ∈ N with n ≥ 2, insert a two-sided sequence of points which
lies between 2
n+1
2n Q and
2n−1+1
2n−1 Q in the plane such that
(1) each point maps onto the next in the sequence;
(2) the ω-limit set of every point in the sequence is 2
n−1+1
2n−1 Q; and,
(3) the α-limit set of every point in the sequence is 2
n+1
2n Q.
Whilst we omit a proof of the fact, it is not difficult to see that αf and ωf are
comprised of 2
n+1−1
2n Q and
2n+1
2n Q (for each n ∈ N), along with the singleton sets
of all fixed points in the system. Meanwhile ICTf additionally includes Q and 2Q.
This implies that Pe does not hold. Note further that no set of the form
2n+1−1
2n Q
may be approximated to any given accuracy by both the α-limit set and ω-limit
set of the same full trajectory. However, for any ε > 0 there is a full trajectory
whose α-limit set and ω-limit set both lie within ε of Q (resp. 2Q). To see this,
observe that the subsystem (Q, f ↾Q)) is the limit of the sequence of subsystems
(2
n+1
2n Q, f ↾ 2n+12n Q
) as n → ∞. Let ε > 0 be given and let n ∈ N be such that
dH(
2n+1
2n Q,Q) < ε. Let 〈zi〉i∈Z be a full trajectory for which ω(〈zi〉) =
2n−1+1
2n−1 Q
and α(〈zi〉) =
2n+1
2n Q. Then dH(α(〈zi〉), Q) < ε and dH(ω(〈zi〉), Q) < ε. By
noting that the subsystem (2Q, f ↾2Q)) is the limit of the sequence of subsystems
(2
n+1−1
2n Q, f ↾ 2n+1−1
2n Q
) as n→∞, a similar argument may be given with regard to
2Q. In particular it follows that αf = ωf = ICTf .
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